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ABSTRACT: In this paper, we propose a recognition method of R-peaks on electrocardiograms (ECGs) based 

on wavelet transform with pseudo-differential operators. It is well known that the accurate recognition of R-peaks 

is highly importance for diagnosis of cardiac diseases and autonomic ataxia. However, the existing results for 

detection of R-peaks are not always accurate and can have missed peaks or false. Difficulties in accurate R-peaks 

detection is caused by presence of various noises in ECGs and the physiological variability of the QRS complex. 

From the above, we propose a more flexible and adaptive recognition method of R-peaks. In order to develop the 

proposed detection method, noises, artifacts, and baseline variation in ECGs are firstly suppressed by using the 

low-pass/high-pass filters, moving average, and MaMeMi filter. Next, the time-frequency domain's energy 

distribution is computed by using wavelet transform with pseudo-differential operators. Furthermore, we 

introduce a time-series index, 𝑓𝑝-Normalized Spectrum Index (𝑓𝑝-NSI) obtained by scalograms based on the 

wavelet transform with pseudo-differential operators. Finally, R-peaks are recognized by taking the threshold 

toward the results of 𝑓𝑝-NSI. In this paper, we present the proposed recognition method of R-peaks on ECGs, and 

the effectiveness (accuracy) of the proposed method is evaluated. 
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INTRODUCTION 
 

ElectroCardioGrams (ECGs) reflect the electrical activity of the myocardium, and cardiac conditions can be 

detected. Therefore, it is known to be useful for diagnosing cardiac diseases such as arrhythmias. For example, 

discriminating each state of ECG waveforms (Okai, T. et al., 2021) and predicting the effectiveness of electrical 

defibrillation (Yoshikawa, Y. et al., 2022) have been proposed, and these problems are very important for raising 

life-saving rates. Furthermore, the problem of detecting R-peaks is also essential; specifically, the R-R interval 

affects the autonomic nervous of a tense state. Therefore, accurate detection of R-peak would be helpful for a 

diagnosis of autonomic ataxia.  

In this way, some methods have been proposed for detecting R-peaks such as wavelet transform (Merah, M. et 

al., 2015), moving average and Hilbert transform (Manikandan, M. S., & Soman, K. P., 2012), non-linear filter 

(Kohler. B. U. et al., 2002), and so on. One approach is to denoise and suppress the cardiac baseline by using a 

MaMeMi filter (Castells-Rufas, D. et al., 2015) and this method can detect the normal peak, however, the detection 

rate was decreased when abnormal conditions were occurring. Therefore, we considered that a more flexible and 

adaptive R-peaks detection method is required. 

In this paper, we propose the R-peaks detection algorithm based on wavelet transform with pseudo-differential 

operators. In order to construct the proposed algorithm, various noises, artifacts, and baseline variation in ECGs 

are firstly suppressed by using the low-pass/high-pass filters, moving average, and MaMeMi filter. Next, the time-

frequency domain’s energy distribution is calculated by using wavelet transform with pseudo-differential 

operators. In particular, by changing some functions in pseudo-differential operators, the energy’s prominence 

can be adjusted. Furthermore, from the result of wavelet transform with pseudo-  
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Figure 1. The Composition of Normal Sinus Rhythm (SR) 

 
Figure 2. The Example of Sinus Rhythm (SR)             Figure 3. Abnormal Condition of ECGs 

 

differential operators, we introduce a time series index: 𝑓𝑝-Normalized Spectrum Index (𝑓𝑝-NSI) is computed. 

This measure can capture energy transition in time variation, and characteristics of the peak portion can be  

 

ELECTROCARDIOGRAMS 

ECG waveforms 

 

 The normal rhythmic state of the heart is defined as normal Sinus Rhythm (SR). The SR consists of P-wave, QRS 

complex-waves, and T-wave, and the composition of SR is shown in Figure 1. In normal SR, this kind of ECG 

(i.e., P-wave, QRS complex-waves, and T-wave) appears 60-80 times per minute, and an example of the SR 

waveform is shown in Figure 2. Moreover, detecting R-peak in abnormal cardiac conditions is also essential for 

providing medical care according to the respective state, and accurate detection is necessary in these conditions. 

Here, the abnormal state of ECG is shown in Figure 3.  

 

Database 

 

The database of this study utilizes MIT-BIH, and this data set is accumulating for analysis of arrhythmias by the 

Massachusetts Institute of Technology. Furthermore, the sampling rate is 360 [Hz] and labeled by two or more 

cardiologists (Moody, G. B. et al., 2001). Note that in this study, the ECG waveforms are cut out for 5 [sec] and 

applied with 50% overlap to the next subject of analysis. 

 

PROPOSED DETECTION METHOD 

Preprocessing 

 

In this paper, we adopt a low-pass/high-pass filter, moving average, and MaMeMi filter in preprocessing phase. 

First of all, we introduce the low-pass/high-pass filter into the original signal: 𝑥(𝑡), and various noises (e.g. heart 

rate variability, other artifacts, and so on) are suppressed. Note that, the low-pass filter with Kaizer-window and 

the elliptic high-pass filter are utilized, and these filters are designed by MATLAB algorithm. Furthermore, the 

cut-off frequency is set at 20 [Hz] of the low-pass filter and 1 [Hz] for the high-pass filter, respectively. Here, the 

original signal: 𝑥(𝑡) and filtered signal: 𝑥∗(𝑡) are shown in Figure 4, 5. Next, we utilize  
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Figure 4. Original Signal 𝒙(𝒕)                      Figure 5. Low-pass / High-pass  

Filtered Output 𝒙∗(𝒕)                       

 
Figure 6. Moving Averaged Signal 𝒎(𝒕)             Figure 7. MaMeMi Filtere and Output 𝒉(𝒕)  

 

to the moving average to suppress the baseline variation, and the window size is set as 72 [samples]. The moving 

averaged signal: 𝒎(𝒕) is shown in Figure 6. Moreover, MaMeMi filter (Castells-Rufas, D. et al., 2015)  

is used, and can remove the ingredient of the signal that is not relevant for peak. The output 𝒉(𝒕) of MaMeMi 

filter can be derived as  

𝒉(𝒕) =  𝒎(𝒕) −
𝒎𝒂𝒙∗(𝒕) + 𝒎𝒊𝒏∗(𝒕)

𝟐
 

 

𝒎𝒂𝒙∗(𝒕) = {

𝒎(𝒕) 𝒊𝒇  𝒕 = 𝟎 

𝒎𝒂𝒙∗(𝒕 − 𝟏) +  𝝈 ∙ ∆ 𝒊𝒇 𝒎(𝒕) > 𝒎𝒂𝒙∗(𝒕 − 𝟏)

𝒎𝒂𝒙∗(𝒕 − 𝟏) − ∆       𝒊𝒇 𝒎(𝒕)  ≤ 𝒎𝒂𝒙∗(𝒕 − 𝟏)

 

 

𝒎𝒊𝒏∗(𝒕) = {

𝒎(𝒕) 𝒊𝒇  𝒕 = 𝟎 

𝒎𝒊𝒏∗(𝒕 − 𝟏) −  𝝈 ∙ ∆ 𝒊𝒇  𝒎(𝒕) < 𝒎𝒊𝒏∗(𝒕 − 𝟏)

𝒎𝒊𝒏∗(𝒕 − 𝟏) +  ∆       𝒊𝒇  𝒎(𝒕)  ≥ 𝒎𝒊𝒏∗(𝒕 − 𝟏)

 

 

Here, 𝝈 and ∆ are parameters, and the best parameters are reported 𝝈 = 𝟐.0 and ∆ = 𝟐. 𝟎, respectively (Castells-

Rufas, D. et al., 2015). However, these parameters are insufficient to capture the characteristics of peaks. 

Therefore, in this paper, these parameters are selected experimentally and set to 𝝈 = 𝟒. 𝟎 and ∆ = 𝟓. 𝟎 × 𝟏𝟎−𝟑, 

respectively. The output 𝒉(𝒕) of MaMeMi filter is shown in Figure 7.  

 

Wavelet transform with pseudo-differential operators 

 

In this section, the wavelet transform with pseudo-differential operators is presented. First of all, we show the 

wavelet transform, which is one of the time-frequency analysis methods and captures the frequency components 

in time variation. The continuous wavelet transform is defined as  

 

𝑾𝝍(𝒂, 𝒃) ≜  
𝟏

√|𝒂|
∫ 𝒇(𝒕)𝝍 (

𝒕 − 𝒃

𝒂
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
+∞

−∞

 𝒅𝒕, (1) 
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Figure 8. 𝑬(𝒂, 𝒃) for Figure 7                                 Figure 9. 𝑬𝒑𝒅𝒐(𝒂, 𝒃) for Figure 7 

 

where, 𝒂 denotes the scale parameter, 𝒃 denotes the shift parameter, and the mother wavelet 𝝍(𝒕) is set as a Gabor 

wavelet, minimizing the uncertainty principle. Furthermore, we compute the energy distribution from the result 

of the wavelet transform, and it’s called scalogram. Scalogram 𝑬(𝒂, 𝒃) is calculated as  

 

𝑬(𝒂, 𝒃) = |𝑾𝝍(𝒂, 𝒃)| 𝟐, (2) 

and an example of 𝑬(𝒂, 𝒃) is shown in Figure 8. Here, we introduce the pseudo-differential operators. Note that, 

the pseudo-differential operators of the Fourier transform is defined as  

 

(𝑭𝒇′)(𝒕) ≜ −𝒋𝝎𝒇̂(𝝎) (3) 

where, 𝑭 means the Fourier transform, 𝒇′(𝒕) denotes 
𝒅

𝒅𝒕
𝒇(𝒕), and 𝒇̂(𝝎) is the Fourier transform of 𝒇(𝒕). Next, it 

extends this operation to wavelet transform, and it’s defined as wavelet transform with pseudo-differential 

operators. Wavelet transform with pseudo-differential operators is computed from two measurable functions 𝑳 

and 𝑯, and 𝑳 means the pseudo-differential operators and H denotes the non-linear function, respectively, and 

these functions adjust to the emphasis portion of scalogram (Rahman, M. M. et. al, 2022). In this way, the wavelet 

transform with pseudo-differential operators 𝑬𝒑𝒅𝒐(𝒂, 𝒃) and is defined as  

 

𝑬𝒑𝒅𝒐(𝒂, 𝒃) ≜ 𝑯{𝑳(𝒂) ∙ 𝑾𝝍(𝒂, 𝒃)}. (4) 

In this paper, we select the 𝑳(𝒂) =  𝒂
𝟏

𝟒 and 𝑯(𝒚) = |𝒚|𝟐.𝟑, respectively, and these functions are experimentally 

determined. Here, the example of 𝑬𝒑𝒅𝒐(𝒂, 𝒃) is shown in Figure 9. In comparison with 𝑬(𝒂, 𝒃) in Figure 8, one 

can see that the energy width is narrowed.  

 

𝒇𝒑-Normalized Spectrum Index (𝒇𝒑-NSI) 

 

In this section, we introduced the 𝒇𝒑-Normalized Spectrum Index (𝒇𝒑-NSI) based on 𝑵𝑺𝑰 (Okai, T., et al., 2018). 

𝒇𝒑-NSI is a time series signal composed of the centroid frequency of 𝑬𝒑𝒅𝒐(𝒂, 𝒃), which is calculated as follows 

 

𝒇𝒑-𝑵𝑺𝑰(𝒃) =
∑ 𝑬𝒑𝒅𝒐(𝒂, 𝒃)𝒇𝒓

𝒑(𝒂)𝑵
𝒂=𝟏

∑ 𝑬𝒑𝒅𝒐(𝒂, 𝒃)𝑵
𝒂=𝟏

. (5) 

Where, 𝑝  denotes the weighting parameter for frequency component and it is set at 𝑝 = 3  in this paper. 

Furthermore, we adopt the smoothing method for the result of 𝑓𝑝-𝑁𝑆𝐼 by using the moving average, and the 

window size is 30 [samples] and show an example of 𝑓𝑝-𝑁𝑆𝐼 in Figure 10.  

 

Detection Algorithm 

 

The following procedure is the proposed R-peak detection algorithm:  
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Figure 10.  𝑓𝑝-𝑁𝑆𝐼 from 𝐸𝑝𝑑𝑜(𝑎, 𝑏) for Figure 9 

1. Execute preprocessing by using low-pass/high-pass filter, moving average, and MaMeMi filter for target 

ECG signal. 

2. Next, 𝑓𝑝-𝑁𝑆𝐼 is calculated from wavelet transform with pseudo-differential operators. 

3. Detect the peak position of 𝑓𝑝-𝑁𝑆𝐼 that satisfies the following conditions: 

⚫ 𝑓𝑝-𝑁𝑆𝐼 width ≥ 36 [samples] 

⚫ 𝑓𝑝-𝑁𝑆𝐼 magnitude ≥ 150 

4. The detected peak ± 36 [samples] (± 0.1 [sec]) is defined as R-peak. 

 

RESULTS AND DISCUSSION 

 

Evaluation Indices 

 

In order to evaluate the proposed recognition method, Recall (𝑅𝑐), Precision (𝑃𝑠), Error-ratio (𝐸𝑟), Accuracy (𝐴𝑐), 

and F-measure (𝐹) are adopted, and these indices are computed from TP, FP, and FN. TP means the number of 

correct detections of R-peaks, FP is the number of actual peaks but not detected, and FN denotes the number of 

judge peaks but not actual peaks. The indices 𝑅𝑐, 𝑃𝑠, 𝐸𝑟 , 𝐴𝑐, and 𝐹 are computed as follows, 

 

𝑅𝑐 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
,  

𝑃𝑠 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
, 

𝐸𝑟 =
𝐹𝑃 + 𝐹𝑁

𝑇𝑃
, 

𝐴𝑐 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁 + 𝐹𝑃
, 

𝐹 =
2 × 𝑃𝑠 × 𝑅𝑐

𝑃𝑠 + 𝑅𝑐

 

Results  

 

First of all, the evaluation results are shown in Table. 1. From the result of Table. 1, the results 𝑅𝑐: 99.58 %, 𝑃𝑠: 

99.68 %, and  𝐸𝑟: 0.75 % are obtained. These results surpassed the existing value of 𝑅𝑐 : 99.43 %, 𝑃𝑠: 99.67 %, 

and 𝐸𝑟: 0.88 % (Castells-Rufas, D. et al., 2015). Furthermore, records No. 203 and 207 in MIT-BIH are the most 

errors occurred in the existing one (i.e., a total of 402 errors). However, the proposed detection algorithm only 

has 308 errors in the total of records No. 203 and 207, the improvement of detection accuracy for difficult 
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Table 1. Evaluation Results 

 

 

 

records has been well achieved. Consequently, the proposed recognition method is more desirable for result for 

detection of R-peaks 

CONCLUSION 

 

In this paper, the new R-peaks detection algorithm by using the wavelet transform with pseudo-differential 

operators has been proposed. In order to construct the proposed algorithm, noises, artifacts, and baseline variation 

in ECGs are firstly suppressed by using the low-pass/high-pass filters, moving average and MaMeMi filter. Next, 

the time-frequency domain's energy distribution is obtained by using wavelet transform with pseudo-differential 

operators.  Furthermore, from the result of wavelet transform with pseudo-differential operators, a time series 

index 𝑓𝑝 -Normalized Spectrum Index (𝑓𝑝 -𝑁𝑆𝐼 ) is calculated. Finally, R-peaks are detected by taking the 

threshold toward the results of 𝑓𝑝-NSI. As a result, the proposed method can achieve 99.58 % of 𝑅𝑐, 99.68 % of 

𝑃𝑠, and 0.75 % of 𝐸𝑟 , and this result is exceeded in the existing method (Castells-Rufas, D. et al., 2015). i.e. the 

proposed algorithm is effective for R-peaks detection.  

For future work, we will consider the more effective preprocessing and feature detection methods (i.e. more 

appropriate functions for pseudo-differential operators). So as to improve the detection accuracy for the R-peaks.  
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